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Abstract
The reliability of computer predictions of physical events depends on several factors: the mathematical model of the
event, the numerical approximation of the model, and the random nature of data characterizing the model. This paper
addresses the mathematical theories, algorithms, and results aimed at estimating and controlling modeling error,
numerical approximation error, and error due to randomness in material coeﬃcients and loads. A posteriori error esti-
mates are derived and applications to problems in solid mechanics are presented.
 2004 Elsevier B.V. All rights reserved.
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The reliability of computer simulations has become one of the most critical subjects in computational
science. The expectations of users of computer predictions to make decisions about many events and proc-
esses that aﬀect broad areas of technology has risen due to advances in computing and computational
methods. The mere calculation of qualitative information on global trends of physical systems is no longer
viewed as the primary goal of simulations. Todays analysts expect to obtain quantitative information on
system performance and outputs, and this expectation has put stringent demands on the sophistication and
accuracy of computer simulations and on the use of eﬀective methods of estimation and control of errors in
computed results.0045-7825/$ - see front matter  2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.cma.2003.06.003
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puter predictions in computational mechanics. Three error sources are considered: modeling error, due to
use of simpliﬁed models of physical events, discretization error, due to use of discrete approximations of
mathematical models of the events, and error due to uncertainty, due to scatter in data, particularly data
involving material coeﬃcients in the various models. The estimation of modeling error follows the theory
developed in [1,3,6] and discretization error, the theory in [2,4,5,7–9] and elsewhere. To estimate errors due
to uncertainty, we employ ﬁrst-order perturbation methods for stochastic partial diﬀerential equations. In
this analysis, the ‘‘worst-case-scenario’’ is used to obtain upper and lower bounds on errors in quantities of
interest in situations in which the material coeﬃcients are random variables. Some applications to three-
dimensional elasticity models are presented.2. Preliminaries: The base model
We consider the following mathematical models of the deformation of a material body in equilibrium
under the action of applied forces: ﬁnd the displacement ﬁeld u 2 V such that
Bbðu; vÞ ¼ F ðvÞ 8v 2 V : ð2:1ÞHereBbðu; vÞ ¼
R
D rðb; $uÞ : $vdx;
F ðvÞ ¼ RD f  v dxþ RC1 g  vds:
)
ð2:2ÞHere V is the space of admissible functions,V ¼ fv : rðb; $vÞ : $v 2 L1ðDÞ; v ¼ 0 on C0g; ð2:3Þ
b is a vector of material coeﬃcients provided as data to the model, r is the stress tensor, f and g are pre-
scribed body forces and surface tractions of suﬃcient regularity that F(Æ) is a continuous linear functional
on V, D is an open bounded domain in Rd ðd ¼ 1; 2; or 3Þ with boundary oD ¼ C0 [ C1;
R
C0
ds > 0. The
semicolon notation in the deﬁnition of Bb(Æ ; Æ) is intended to imply that Bb(Æ ; Æ) may be a nonlinear function
of u but is linear in arguments to the right side of the semicolon (v in this case). Problem (2.1) characterizes
the primal base model (or ‘‘ﬁne’’ model; cf [1]) of the physical event of interest.
Of particular interest are speciﬁc features of the solution u, the so-called target outputs or quantities of
interest, deﬁned by functionals Q on V. For instance, we may be particularly interested in the average shear
stress on a material surface area x within D with unit normal n and tangential vector m. In this case,QðuÞ ¼ jxj1
Z
x
rðb; $uÞ n  mds: ð2:4ÞThe dual base model consists of ﬁnding an inﬂuence function p 2 V such that
B0bðu; v; pÞ ¼ Q0ðu; vÞ 8v 2 V : ð2:5ÞHereB0bðu; v; pÞ ¼ lim
h!0þ
h1½Bbðuþ hv; pÞ  Bbðu; pÞ
¼
Z
D
Uðb; $uÞ $v : $pdx;
ð2:6Þwhere
J.T. Oden et al. / Comput. Methods Appl. Mech. Engrg. 194 (2005) 195–204 197Uðb; $uÞ ¼ orðb; $uÞ
o$su
; ð2:7Þ$su being the symmetric part of $u (= ($u + $u
T)/2). Thus, U is a fourth-order tensor with components
Uijkl = (orij/ouk,l + ori,j/oul,k)/2, 1 6 i, j,k, l 6 d. We shall assume that constants a0,a1 > 0 exist, independent
of b, such that at a.e. x 2 D,a0eijeij P Uijklðb; $uÞekleij P a1eijeij ð2:8Þ
" symmetric tensor eij, where repeated indices are summed throughout their range. Of particular interest is
the linear elasticity case in whichUðb; $uÞ ¼ CðbÞ; ð2:9Þ
where C(b) is the fourth-order tensor of elasticities. The tensor C(b) has the symmetries, Cijkl = Cjikl =
Cijlk = Cklij, 1 6 i, j,k, l 6 d.
Returning to (2.5), the right-hand side is given byQ0ðu; vÞ ¼ lim
h!0þ
h1½Qðuþ hvÞ  QðuÞ: ð2:10ÞIf Q is chosen to be the particular functional in (2.4), thenQ0ðu; vÞ ¼ jxj1
Z
x
Uðb; $uÞ$v n  mds:But Q, at this stage of the analysis, can be quite general. In much of the analysis and in examples given later,
we consider cases in which Q is a linear functional; e.g. QðvÞ ¼ R xv  mds or Q(v) = v1(x0), x0 2 D. Then
Q 0(u;v) = Q(v). Note that the dual problem is linear in p.3. The surrogate and the discrete problems
Instead of (2.1), we consider a simpliﬁed problem referred to as the surrogate (or coarse) problem which,
contrary to (2.1), is tractable to numerical approximation:
Find u0 2 V such that
B0b0ðu0; vÞ ¼ F ðvÞ 8v 2 V ; ð3:1Þwhere nowB0b0ðu0; vÞ ¼
Z
D
r0ðb0; $u0Þ : $vdx: ð3:2ÞHere b0 belongs to a ﬁxed deterministic bounded set of coeﬃcients, and r0(b0;$u0) is the stress tensor in the
surrogate model, which can be characterized by a diﬀerent, and simpler constitutive equation than that used
in the base model. In the case that the surrogate model describes a linearly elastic homogeneous and iso-
tropic material,r0ðb0; $u0Þ ¼ Cðb0Þ$u0; ð3:3Þ
whereCðb0Þ$u0 ¼ j0Idivu0 þ G0ð$u0 þ $uT0 Þ; ð3:4Þ
where j0 and G0 are the bulk and shear moduli, respectively, and I is the unit tensor. Then b0 = (j0,G0).
Throughout this analysis, C(b0) is assumed to have standard symmetry and ellipticity properties.
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B00b0ðu0; v; p0Þ ¼ Q00ðu0; vÞ 8v 2 V ; ð3:5Þwhere, for example, Q0ðvÞ ¼j xj1
R
xr0ðb0; $u0Þ$v n  mds and B00b0ðu0; p; vÞ and Q 0(u0;v) are deﬁned in (2.6)
and (2.10) with U(b;$u) replaced by U0(b0;$u0) = or0/o$su0.
In general, we regard the base problems (2.1) and (2.5) as intractable, and surrogate problems (3.1) and
(3.5) as amendable to numerical approximation using ﬁnite element methods. Thus, we consider a family of
ﬁnite-dimensional subspaces {Vh}, Vh  V, constructed using standard conforming piecewise-polynomial,
ﬁnite element approximation, and develop ﬁnite element approximation of (3.1) and (3.5) of the form:
Find uh0; p
h
0 2 V h such thatB0b0ðuh0; vhÞ ¼ F ðvhÞ and B00b0ðuh0; vh0; phÞ ¼ Q0ðuh0; vhÞ 8vh 2 V h: ð3:6Þ4. Error estimation
For simplicity, we conﬁne our attention to the case in which the output functional Q is linear and
Q0(v) = Q(v), v 2 V, assuming that Q(Æ) depends on b through the solution u only. We consider three sources
of error.
Modeling errorQðuÞ  Qðu0Þ ¼ Qðe0Þ;
e0 ¼ u u0:

ð4:1ÞDiscretization errorQðu0Þ  Qðuh0Þ ¼ Qðeh0Þ;
eh0 ¼ u0  uh0:
)
ð4:2ÞError due to uncertaintyQðuðbÞÞ  QðuÞ ¼ QðduÞ: ð4:3Þ
In (4.3), the coeﬃcients b are assumed to be random variables with bounded variances, and b is the mean or
expected value of b = [b1,b2, . . .,bm]. With obvious notation,bi ¼ E½bi ¼
Z 1
1
qbi db; bmini 6 bi 6 bmaxi; i ¼ 1; 2; . . . ;m;where q is the joint PDF of the random vector b. Then, uðbÞ ¼ uðbÞ þ duðb; db; xÞð¼ uþ duÞ. Thus, the
error in Q due to uncertainty, based on ﬁrst-order perturbation theory, is Q(du).
According to [1, Theorem 2, p. 502], to within quadratic terms in the error components e0 = u  u0 and
e0 = p  p0,Qðe0Þ ¼ Rbðu0; p0Þ þ Rbðu0; e0Þ ¼ Rbðu0; pÞ; ð4:4Þ
where R(Æ ; Æ) is the residual functional,Rbðu0; vÞ ¼ F ðvÞ  Bbðu0; vÞ ð4:5Þ
for v 2 V. Likewise,Qðeh0Þ ¼ Rbðuh0; p0Þ ¼ Rbðuh0; 0Þ; ð4:6Þ
where 0 ¼ p0  ph0 the orthogonality condition, Rbðuh0; vhÞ ¼ 0 has been used.
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p0; thus to estimate or bound these errors, estimates or bounds on p and p0 must be obtained; (2) in any
application, only uh0ðbÞ ¼ uh0 and ph0ðbÞ ¼ ph0 are known, moreover, the residual functional Rb(Æ ; Æ) also de-
pends upon the random variable b. Thus, we computeQðuÞ  Qðuh0Þ ¼ QðuÞ  Qðu0Þ ðmodelingÞ
þ
Qðu0Þ  Qðuh0Þ ðdiscretizationÞ
þ
Qðuh0ðbÞÞ  Qðuh0Þ ðuncertaintyÞ
9>>>>=
>>>;
ð4:7ÞTo estimate the modeling error, we use the procedures described in [2,3] to compute a estimator g(u0,p0,b);
and to estimate the discretization error, we compute an estimator fðuh0; ph0; bÞ. Since only uh0; ph0 and b are
known, we setQðuÞ  Qðu0Þ  gðuh0; ph0; bÞ :¼ g;
Qðu0Þ  Qðuh0Þ  fðuh0; ph0; bÞ :¼ f:
)
ð4:8ÞTo estimate the error due to uncertainty, we use ﬁrst-order perturbation theory to obtain the
approximation,Qðuh0ðbÞÞ  Qðuh0ðbÞÞ 
Z
D
obrðb; $uh0Þ  db : $ph0 dx: ð4:9ÞA derivation of this result is given in Appendix A. LetGðxÞ :¼ obrðb; $uh0Þ : $ph0 2 ½L1ðDÞm;
kdbikL1ðDÞ 6 Mi; db 2 X  ½L1ðDÞm;
)
ð4:10ÞthenjQðuh0ðbÞÞ  Qðuh0ðbÞÞj 6 DQðuh0; ph0Þ ¼ sup
kdbikL1ðDÞ6Mi
Z
D
G  dbdx
				
				: ð4:11ÞFinally,jQðuÞ  Qðuh0Þj 6 gþ fþ DQðuh0; ph0Þ: ð4:12Þ5. First-order perturbation analysis of error due to uncertainty
We recount here the determination of bounds on the error component Q(du) given by (4.11) for the case
in which r is a linear function of $u:rðb;ruÞ ¼ CðbÞ$u: ð5:1Þ
For a suﬃciently reﬁned mesh, the following result shows that we can use uh0  u0 and ph0  p0.
Theorem. ([8]). Let obrðb;$u0Þ ¼ ðoC=obÞ$u0. Then, there exists a constant C > 0 such that
DQðu0; p0Þ  DQðuh0; ph0Þ
		 		 6 Cðk$ðu0  uh0ÞkL2ðDÞ þ k$ðp0  ph0ÞkL2ðDÞÞ; ð5:2Þwhere DQðuh0; ph0Þ (resp. DQ(y0,p0)) is given in (4.11).
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respectively.jQðu0ðbþ dbÞÞ  Qðu0ðbÞÞj 6
ð1Þ DGQðu0; p0Þ ¼
X
i
Mi
Z
D
Gi dx
				
				 ð5:3aÞ
and dbi ¼ constant:
ð2Þ DLQðu0; p0Þ ¼
X
i
Mi
X
K2Ph
Z
K
Gi dx
				
				 ð5:3bÞ
and dbi ¼ piecewise constant:
ð3Þ DW Qðu0; p0Þ ¼
X
i
Mi
Z
D
jGijdx ð5:3cÞ
and dbi 2 L1ðDÞ; kdbikL1 6 Mi:
where, again, Gi ¼ obirðbi; $uh0Þ : $ph0  $u0ðoC=obiÞ$p0; i ¼ 1; 2; . . . ;m. The bound (5.3a) describes the
case in which the perturbation db of the coeﬃcients is constant over D; that of (5.3b) describes a piecewise
constant variation of db over a partition Ph of D into a mesh of ﬁnite element K, and (5.3c) is the general
case in which db can vary arbitrarily over D so long as kbikL1ðDÞ 6 Mi; i ¼ 1; 2; . . . ;m. In this case, the worst
distribution of the coeﬃcient bi (i.e. the distribution of the coeﬃcient that leads to the largest uncertainty
DQ for the quantity of interest) is given by:bi ¼ bi þ dbi ; with dbi ¼ Mi signðGiÞ: ð5:4Þ
As an application of these estimates, we consider a ‘‘bulky’’ prismatic, linear elastic isotropic body can-
tilevered at one end and loaded by a uniform shear at its free end that produces a net force of 1.0 MPa (Fig.
1). Let u = u(x,y,z) be the displacement ﬁeld in the body, (x,y,z) being the Cartesian coordinate system
shown. As quantities of interest, we take the average displacements (see Fig. 2).Fig. 1. Geometry of ‘‘bulky’’ prismatic body.
Fig. 2. Quantities of interest––average displacements at the free end.
Table
Compu
Q (calc
Q1 6
Q2 0.5
Q3 0.0
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Z 20
0
Z 10
0
uzðx; 50; zÞdxdz;
Q2ðuÞ ¼
Z 20
0
Z 10
5
uyðx; 50; zÞdxdz;
Q3ðuÞ ¼
Z 20
10
Z 10
5
uxðx; 50; zÞdxdz:
9>>>>=
>>>>>;
ð5:5ÞThe material is assumed to be isotropic. Based on laboratory tests on aluminum, the 2r-variation (twice the
standard deviation) in Youngs modulus is 1.0%, and that in Poissons ratio is 8.0%. These were used to
deﬁne the bound M on db. In this case, Cijkl(b) = k(b)dijdkl + l(b)(dikdjl + dildjk), 1 6 i, j,k, l 6 3, where
k = b1b2/(1 + b2)(1  2b2), l = b1/2(1 + b2), so that b1 = E and b2 = m. A manually graded, anisotropically
reﬁned partition of D into the ﬁnite element mesh shown was used in evaluating the perturbations DQ of
(5.3a)–(5.3c). The primal and dual problems were solved using a mesh of hexahedral elements with fourth-
order polynomial shape functions, and uh0 and p
h
0 are believed to be highly accurate approximation of u0 and
p0. Results of the calculation of perturbations are given in Table 1 below, where DQG, DQL, and DQW are
given as a percentage of Q for each choice of the quantities of interest Qi in (5.5).
We observe that Q3 is a very small quantity, compared to Q1, and Q2, and it is relatively sensitive to the
perturbation db. Figs. 3 and 4 show the worst distribution of the coeﬃcients b = [b1,b2] = [E,m] for Q1 and
Q2 deﬁned in (5.5). The blue region corresponds to a negative perturbation of the coeﬃcients, bi ¼
bi Mi; i ¼ 1; 2; while the red region corresponding to a positive perturbation bi ¼ bi þMi; i ¼ 1; 2. Figs.
5–7 show split-view of the regions with both positive and negative variation in quantities of interest (Q1 and1
ted variations in quantities of interest
ulated) DGQ/Q (%) DLQ/Q (%) DWQ/Q (%)
.98480E04 1.45 1.55 1.56
1221E04 1.35 1.58 1.62
0265E04 7.27 1372 1382
Fig. 3. Quantity of interest Q1: worst distribution E (left) and m (right).
Fig. 4. Quantity of interest Q2: worst distribution E (left) and m (right).
Fig. 5. Split-view of coeﬃcient distribution m for Q1: positive (left) and negative (right).
Fig. 6. Split-view of coeﬃcient distribution E for Q2: positive (left) and negative (right).
Fig. 7. Split-view of coeﬃcient distribution m for Q2: positive (left) and negative (right).
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Q2, illustrated in red on the left; and a negative perturbation implies a decrease, illustrated in blue on the
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Recall the primal and dual problem seeking (u,p) 2 V · V are such that "v 2 V,
Bbðu; vÞ ¼
Z
D
rðb; $uÞ : $vdx ¼ F ðvÞ ðA:1ÞandB0bðu; v; pÞ ¼
Z
D
Uðb; $uÞ$v : $pdx ¼ QðvÞ; ðA:2Þwhere U is given by (2.7) and Q(v)(= Q 0(u;v)) is now a linear functional on V.
In the ﬁrst-order perturbation method, we consider perturbations in b, u and p about mean values b; u
and p of the form,b ¼ bþ dbðxÞ; u ¼ uþ du; p ¼ pþ dp; ðA:3Þ
ðuðxÞ ¼ uðb; xÞ; pðxÞ ¼ pðb; xÞÞ and we truncate expansions of the integrands in (A.1) and (A.2) by neglect-
ing terms of quadratic or higher order terms in the perturbations. Noting thatrðb; $uÞ ¼ rðb; $uÞ þ obrðb; $uÞdbþ o$surðb; $uÞ$duþHOT; ðA:4Þ
Uðb; $uÞ ¼ Uðb; $uÞ þ obUðb; $uÞdbþ o$suUðb; $uÞ$duþHOT ðA:5Þ
(HOT = high-order terms), we see that, to within ﬁrst-order terms, and for any v,F ðvÞ 
Z
D
ðr : $vþ obrdb : $vþ o$sur$du : $vÞdx; ðA:6Þ
QðvÞ 
Z
D
ð U$v : $pþ ob Udb$v : $pþ o$su U$du$v : $pþ U$v : $dpÞ ðA:7ÞandQðuÞ ¼QðuÞ þ QðduÞ

Z
D
ð U$u : $pþ ob Udb$u : $pþ o$su U$du$u : $pþ U$u : $dpþ U$du : $pÞdx; ðA:8Þ
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Z
D
r : $vdx; ðA:9Þ

Z
D
obrdb : $vdx ¼
Z
D
U$du : $vdx; ðA:10Þ"v 2 V, and from (A.8), we haveQðuÞ ¼
Z
D
U$u : $pdx; ðA:11Þ
QðduÞ ¼
Z
D
ðob Udb$u : $pþ o$su U$du$u : $pþ U$u : $dpþ U$du : $pÞdx ðA:12Þit being understood that these equations hold to within ﬁrst-order terms.
Setting v ¼ u in (A.7) and using (A.11) givesZ
D
U$u : $opdx ¼ 
Z
D
ðob Udb$u : $pþ o$su U$ou$u : $pÞdx: ðA:13ÞThus, (A.12) reduces toQðduÞ ¼
Z
D
U$du : $pdx: ðA:14ÞIntroducing now (A.10) givesQðduÞ ¼ 
Z
D
obrðb;$uÞdb : $pdx: ðA:15Þas asserted.References
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